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Abstract. We study the production of primordial black hole (PBH) binaries and the
resulting merger rate, accounting for an extended PBH mass function and the possibility
of a clustered spatial distribution. Under the hypothesis that the gravitational wave events
observed by LIGO were caused by PBH mergers, we show that it is possible to satisfy all
present constraints on the PBH abundance, and find the viable parameter range for the
lognormal PBH mass function. The non-observation of a gravitational wave background
allows us to derive constraints on the fraction of dark matter in PBHs, which are stronger
than any other current constraint in the PBH mass range 0.5 − 16M. We show that the
predicted gravitational wave background can be observed by the coming runs of LIGO, and
its non-observation would indicate that the observed events are not of primordial origin.
As the PBH mergers convert matter into radiation, they may have interesting cosmological
implications, for example in the context of relieving the tension between high and low redshift
measurements of the Hubble constant. However, we find that these effects are suppressed
as, after recombination, no more that 1% of dark matter can be converted into gravitational
waves.
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1 Introduction
The binary black hole merger events discovered by the Advanced Laser Interferometer Gravi-
tational-Wave Observatory (LIGO) detectors [1–4] imply the existence of relatively heavy,
O(10M), coalescing black holes (BHs). The merger rate of BH binaries inferred from these
events is 12−213 Gpc−3yr−1 [4]. The origin of the BH binaries remains unclear and, although
potential astrophysical explanations for the formation of these BH binaries exist [5, 6], it is
possible that the observed gravitational wave (GW) events emerged from the coalescence of
binaries of primordial black holes (PBH) [7–11]. For recent reviews on PBH physics see e.g.
Refs. [12, 13].
The abundance of PBH dark matter (DM) over a broad mass range 10−18 − 104M
is severely constrained [14, 15], and even if the PBHs make up all the DM, the present
binary formation rate [16, 17] for a uniform PBH distribution has to be enhanced by a
factor of O(108) to reach the merger rates indicated by LIGO [18]. However, PBH binaries
are expected to form also at the onset of structure formation [19, 20], and a merger rate
consistent with LIGO can result even if the PBHs make up only a small fraction of DM [21,
22]. The stochastic GW background from these binaries can be used to constrain the PBH
abundance [23].
In this paper we consider the GW phenomenology of PBH binaries. Our analysis gener-
alises the previous studies [19–23], as we consider extended PBH mass functions and estimate
the effect of PBH clustering. We study PBH binary formation both in the early and in the
late Universe, and show that the former generically gives the dominant contribution to the
PBH merger rate. Assuming the lognormal PBH mass function, we perform a fit to the LIGO
data to determine the presently favoured mass function parameters. We estimate the result-
ing stochastic GW background and compare it with the sensitivities of GW interferometers.
As a result, we obtain the strongest constraints so far on the PBH abundance with masses
distributed around 10M, and predict a discovery of the GW background by the future runs
of LIGO.
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To study this scenario further, we consider the loss of DM energy density due to the PBH
coalescence. As the PBH mergers convert part of their mass into GWs, the measurements
of late time cosmological evolution impose an upper bound on their merger rate. An intense
period of merging after recombination could even relieve the tension [24–27] between the low
and high redshifts measurements of the Hubble constant [28–31]. However, we show that this
possibility is not supported by the merger rates predicted by our analysis.
The paper is organised as follows. In Sec. 2 we review the PBH binary formation mech-
anisms with an extended PBH mass function. In Sec. 3 we discuss the LIGO observations,
show that the PBH mergers can account for the LIGO signal, and perform a fit of the mass
function to the observed LIGO events. In Sec. 4 we calculate the stochastic GW background
from PBH mergers, and derive the constraints from non-observation of the background by
LIGO. In that section we also study the change in DM energy density due to PBH mergers.
We summarise our key conclusions in Sec. 5.
2 Review of PBH binary formation
There are two primary mechanisms for PBH binary formation. They can be classified by
the cosmological epoch in which they occur. First, early formation of gravitationally bound
objects is expected to coincide roughly with matter-radiation equality. At that time the PBH
peculiar velocities are negligible and nearby PBHs will begin to fall towards each other. To
describe this process we adopt the three-body approximation [19–21], according to which the
two closest PBHs form a binary while the tidal forces from the third PBH prevent a head-on
collision. Ref. [22] extended the analysis of Ref. [21] by considering also tidal forces from
inflationary perturbations. For simplicity we will neglect this contribution, but note that it
can slightly increase the PBH merger rate and consequently tighten the constraints shown in
Sec. 4.
Second, in the late Universe well within the non-linear phase of structure formation,
PBH binaries can be created by close encounters of PBHs. A bound system is formed if they
lose enough kinetic energy either through friction with the environment or by the emission
of GWs [16, 17]. In the context of LIGO, GWs from the second process have been studied
in Refs. [18, 32, 33]. We remark, that GWs may also be generated in the late Universe by
close BH encounters even if the BHs do not form a binary [34].
Our analysis differs from the previous ones as we consider binary formation for a pop-
ulation of PBHs with an extended mass function ψ(m). We normalise the mass function to
the fraction of PBH DM, fPBH ≡ ΩPBH/ΩDM, that is
fPBH =
∫ ∞
0
ψ(m)dm. (2.1)
One of the simplest choices for ψ(m) is the lognormal distribution of the form
ψ(m) =
fPBH√
2piσm
exp
(
− log
2(m/mc)
2σ2
)
, (2.2)
where mc denotes the peak mass of mψ(m), and σ is the width of the mass spectrum.
The limiting case σ → 0 is the monochromatic mass function centered around mc, ψ(m) =
fPBHδ(m − mc) . An approximately lognormal mass function arises naturally in various
models of PBH production [35–40]. In case of inflationary production of PBHs, if the slow-
roll approximation is violated during some period of inflation, as may happen in the case
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of single field double inflation [40–45], the resulting PHB mass function generically deviates
from the lognormal form. The precise form of the mass function must then be derived case-
by-case. For example, it was shown in Ref. [40] that wider mass functions usually develop
an extended low mass tail when compared to the lognormal form. Another common choice
is the power law mass function [15, 46–48] which we do not consider in this paper.
2.1 Binary formation in the early Universe
Binary formation starts when the Newtonian gravitational attraction of nearby PBHs over-
takes the effect of the cosmic expansion. To estimate when this happens, consider a pair
of nearby PBHs with masses m1 and m2, and a physical spatial separation r, which is as-
sumed to be much smaller than the size of the Hubble horizon. The peculiar velocities
in the radiation dominated era are damped by Hubble friction, so the PBH initial veloc-
ities can be ignored. In the Newtonian approximation, the physical distance of a pair of
point masses in the Friedmann-Robertson-Walker background obeys the equation of motion
r¨ = −GMr−2 + (a¨/a)r, where M ≡ m1 +m2 denotes the total mass of the pair and a is the
scale factor. The Friedmann equations imply that a¨/a = −(1 + 3w)H2/2, where w is the
equation of state parameter, and H is the Hubble parameter. Both w and H depend on the
background energy density ρbg, which is obtained by subtracting the energy density in PBHs
from the total local energy density.
When the motion of the PBH pair is dominated by the expansion, their physical distance
scales roughly as r ∝ a. The moment when the pair decouples from the cosmic expansion is
estimated by requiring that the Newtonian force dominates in the equation of motion. This
corresponds to GM > (1+3w)H2r3/2. In case the background is dominated by matter, H2r3
is constant. It follows that decoupling can occur only in a radiation dominated background,
where the decoupling condition reads
1
2
M >
4pi
3
ρbgr
3 . (2.3)
This condition has a simple interpretation: decoupling from the cosmic expansion takes place
when the average mass of the PBHs forming the binary is larger than the background mass
enclosed in a sphere of radius r. This interpretation of the condition (2.3) was used in
Ref. [19].
The background energy density can be approximated as ρbg ≈ (aeq/a)4ρeq/2, where ρeq
is the energy density of the Universe at matter-radiation equality aeq.
1 Then solving a from
(2.3) gives the moment of decoupling,
adc ≈ aeq
(x
x˜
)3
, (2.4)
where x ≡ r/a is the comoving distance, and we defined the scale
x˜3 ≡ 3
4pi
M
a3eqρeq
. (2.5)
Depending on the fraction of DM in PBHs, two qualitatively different cases exist. First,
in case most of the DM consists of PBH, the distance x˜ corresponds roughly to the max-
imal distance of PBHs, as larger separations are exponentially unlikely. Second, if PBHs
1The scale factor is normalised such that today a = 1.
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constitute only a subdominant fraction of DM, the background is matter dominated after
matter-radiation equality. So, by the above arguments, decoupling should take place before
that, i.e. adc < aeq. In both cases x < x˜. A slightly different argument led to a similar
condition in Ref. [21].
To estimate the parameters of the forming PBH binary we follow Refs. [19, 20]. In the
three-body approximation two PBHs fall towards each other while the tidal forces from the
PBH closest to the centre of mass of the pair provides angular momentum that may prevent
their head-on collision. Let us denote the mass of the third PBH by m3 and its comoving
separation from the PBH pair by y > x. For this system the semi-major axis ra and the
semi-minor axis rb of the binary are estimated by
ra = αxadc , rb = β
2m3
M
(
x
y
)3
ra , (2.6)
where α and β are O(1) numerical constants. Throughout this paper α = β = 1 is used,
which was shown to be an adequate approximation in Ref. [21]. The coalescence time for
such a binary is [49]
τ ≈ 3
85
r−3a r7b
η (GM)3
= τ˜
(x
x˜
)37 (y
x˜
)−21
, (2.7)
where η ≡ m1m2/M2 and
τ˜ ≡ 384
85
α4β7a4eqm
7
3x˜
4
G3ηM10
, (2.8)
gives the maximal coalescence time because x < x˜, y. Note, that τ˜ exceeds the age of the
Universe by several orders of magnitude. Eq. (2.7) corresponds to the maximal eccentricity
limit, with ra  rb, but remains a good approximation for low eccentricities also.
Having determined the properties of the binary that will be created from the initial
configuration of PBHs with masses m1, m2, m3 and comoving distances x, y, the distribution
of the binary parameters, e.g. the coalescence time, follow from the mass function ψ(m) and
the spatial distribution of the PBHs. Assuming an isotropic distribution, the average number
of PBHs in a mass interval (m,m+ dm) and within a spherical shell (x, x+ dx) surrounding
a PBH is
dN(x,m) = 4pix2 ρDM
ψ(m)
m
(1 + ξ(x))dxdm, (2.9)
where ρDM is the present dark matter energy density and ξ(x) is the PBH two point function.
Notice, that the fraction of DM in PBHs is included in the definition of the mass function ψ.
In the absence of non-gaussianity, the PBH spatial distribution will follow the overall
DM density perturbations [50]. This is easily understood in a time slicing for which the super-
horizon density perturbations vanish. In that case, if a density fluctuation with wavenumber
k enters the horizon, the probability that it collapses to a black hole is clearly the same in
each Hubble patch [51], but the collapses take place at slightly different times. Let δt describe
this time delay. Then, in the linear regime δρPBH ∝ δt, so the energy density will follow the
overall density perturbations in the spatially flat slicing.
The primordial curvature perturbations must be less than unity in order to avoid over-
production of PBHs. As these perturbations grow very slowly in a radiation dominated
Universe, ξ(x) is not expected to exceed unity at the time of matter-radiation equality. Nev-
ertheless, small scale density perturbations may grow significantly, if there is an extended
matter dominated period between PBH formation and big bang nucleosynthesis [52]. Also,
– 4 –
small scale non-gaussianity can introduce isocurvature perturbations and thereby produce
fluctuations in the PBH number density which are larger than the background perturba-
tions [50], or the presence of closed domain walls may lead to formation of PBH clusters [53–
55]. So it is possible that ξ(x) may be large enough to significantly affect binary production.
To obtain a rough quantitative estimate of the effect from PBH clustering, we assume
an idealised two point function that is constant at comoving distances smaller than x˜,
1 + ξ(x) ≈ δdc , if x < x˜ . (2.10)
The quantity δdc is the local density contrast at adc at scales smaller than x˜. Strong clustering
thus corresponds to large values of the density contrast, δdc  1. Using a more realistic two-
parameter description, e.g. a power law, for the two point function will slightly modify the
lifetime distribution of the binaries. However, we have checked numerically that this effect
is expected to modify our results by less than an order of magnitude.
The comoving number density of binaries resulting from the three PBH configurations
described above is
dn3(x, y) =
1
2
(
ρDM
ψ(m1)
m1
dm1
) (
e−N(y) dN(x,m2) dN(y,m3)
)
, (2.11)
where the first bracket denotes the density of PBHs in the mass range (m1,m1 + dm1),
and the second bracket gives the probability that they belong to the three body configura-
tion with the specified parameters. The factor 1/2 avoids double counting of binaries, and
N(y) ≡ ∫ dN(y,m) is the expected number of PBHs surrounding a PBH in the sphere of
comoving radius y. The exponential term arises from Poisson statistics of the PBH number
and corresponds to the requirement that there are no other PBHs within the radius y. We re-
mark that in case the mass function is monochromatic, the energy density of binaries is given
by ρPBH(1 − e−N(x˜)). For δdcfPBH  1 the energy density of PBH binaries is proportional
to δdcf
2
PBH.
The mass dependent differential merger rate per comoving volume can be expressed as
dR3(t) =
∫ x˜
0
dx
∫ ∞
x
dy
∂2n3(x, y)
∂x∂y
δ(t− τ(x, y,mi)). (2.12)
We do not assume an upper bound for y, so the integration includes regions where the
approximation (2.10) does not hold. The resulting error is expected to be small due to
the exponential suppression factor in Eq. (2.11). Plugging the coalescence time (2.7) into
Eq. (2.12) gives
dR3(t) =
9
296pi
1
τ˜
(
t
τ˜
)− 34
37
(
Γ
[
58
37
, N˜
(
t
τ˜
) 3
16
]
− Γ
[
58
37
, N˜
(
t
τ˜
)− 1
7
])
× x˜−3δ−1dc N˜53/37m¯3
ψ(m1)
m1
ψ(m2)
m2
ψ(m3)
m3
dm1dm2dm3 ,
(2.13)
where we defined
m¯ ≡
(∫
dm
ψ(m)
m
)−1
, (2.14)
and N˜ ≡ N(x˜) = δdcΩDM,eqM/m¯, with the DM density parameter at matter-radiation
equality given by ΩDM,eq = 0.42. The average PBH mass is given by m¯fPBH.
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The rate (2.13) vanishes at t = τ˜ , as expected, since τ˜ gives the maximal coalescence
time. The effect of PBH spatial clustering does not influence τ˜ and is mostly encoded in N˜ .
The larger N˜ is, the more likely are shorter coalescence times. However, τ˜ can be modified
by fluctuations in the background energy density, which we have neglected.
The rate (2.13) gets corrections from various dynamical effects which we neglect in our
analysis. Effects affecting binary formation include the dependence on the angular coordi-
nates of the third PBH, the possibility of a 3-body collision in case the third PBH is bound
to the pair, n-body effects arising from other PBHs surrounding the pair, and the effect of
the initial velocity of the BHs. These effects will generally introduce a O(1) correction to the
rate (2.13) and may be accounted for by modifying the values of the fudge factors α and β
introduced in Eq. (2.6) [20].
The evolution of the binaries can also have an influence on properties of the binary
population and thereby the rate (2.13). A binary can be disrupted or broken apart by the
gravitational pull from a passing PBH. This mechanism is similar to the survival of wide
star binaries [56] so binaries with larger separations or comprising lower mass PBHs will
be affected more by it. In case the PBH have subsolar masses, also stars may perturb the
binaries. The probability of disruption was estimated to be O(10−7) in a galactic halo [21].
However, it has been argued in Ref. [33] that this result may underestimate the overall
disruption rate. Disruption may also be enhanced in regions with a higher PBH density
contrast.
2.2 Binary formation in the late Universe
In the late Universe the PBHs are expected to have large peculiar velocities which renders
the binary formation unlikely. Nevertheless, a PBH binary can be formed by two-body
interactions via energy loss due to gravitational radiation, given the two PBHs pass each
other at a sufficiently close distance. In the Newtonian approximation, the velocity averaged
cross section for the PBH binary formation via this mechanism is [16, 17]
〈vrelσmer〉 = AG2M2
(
η
v9PBH
)2/7
, (2.15)
where vrel denotes the relative velocity of the PBHs, vPBH is a characteristic velocity of the
PBHs, and A is a numerical constant which depends on the shape of the velocity distribution,
given it has the functional from f(v/vPBH). We use A ≈ 12.9, which corresponds to the
Maxwellian velocity distribution P (v) ∝ v2 exp (−v2/v2PBH). In this case, vPBH is related to
the PBH velocity dispersion, which is expected to be of order 10− 100 km/s.
The differential merger rate per comoving volume corresponding to (2.15) reads
dR2(t) = δ(t)ρ
2
DM 〈vrelσmer〉
ψ(m1)
m1
ψ(m2)
m2
dm1dm2 , (2.16)
where, as in the previous section, we included the DM density contrast δ to quantify the
effect of clustering [18, 57]. Since density perturbations grow significantly after the matter-
radiation equality, it is expected that the density contrast today, δ0, is much larger than
δdc.
PBHs that are clumped into smaller systems tend to have a smaller velocity dispersion.
So clustering of PBHs will generally enhance the rate (2.16) not just through an increase of
δ0 but also by decreasing vPBH in the velocity averaged cross section (2.15). In the rate (2.16)
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Table 1. The masses of the BH binary constituents m1 and m2 for the GW events observed by LIGO
together with the symmetric mass ratios η of the binaries.
m1/M m2/M η
GW150914 [1] 36+5−4 29
+4
−4 0.247
+0.005
−0.005
GW151226 [2] 14.2+8.3−3.7 7.5
+2.3
−2.3 0.226
+0.046
−0.028
LVT151012 [3] 23+18−6 13
+4
−5 0.231
+0.054
−0.030
GW170104 [4] 31.2+8.4−6.0 19.4
+5.3
−5.9 0.236
+0.021
−0.020
we also neglected the possible spatial dependence of the PBH mass distribution caused by
mass segregation, which tends to expel the low mass PBHs from regions with a high density
contrast.
3 Implications from LIGO observations
In this section we study the possibility that the GW events observed by LIGO have a purely
primordial origin. We compute the PBH merger rates from both the mechanisms described in
the previous section and perform a fit to the parameters of the lognormal mass function (2.2).
3.1 The present merger rate
To analytically estimate the merger rate of PBHs formed by the two different mechanisms
we will first assume a monochromatic mass function. The present rate of PBH mergers from
binaries formed in the early Universe can be approximated by
R3(t0) ≈ 5.1× 104δ16/37dc f53/37PBH
(
mc
30M
)−32/37
Gpc−3yr−1 , (3.1)
given that 0.007(mc/30M)5/21 <∼ δdcfPBH <∼ 9000(mc/30M)5/16. In case these conditions
are violated, this approximation will overestimate the rate. The merger rate of PBH binaries
formed in the late Universe reads
R2(t0) ≈ 3.7× 10−7δ0f2PBH
(
vPBH
10 km/s
)−11/7
Gpc−3yr−1 . (3.2)
For example, if fPBH = 1, δdc = 1, mc = 30M and vPBH = 10 km/s, the present day DM
density contrast has to be δ0 & 1011 for R2 to exceed R3. This bound will become even
stricter if the PBHs do not make up all of the DM, because R2 is more sensitive to fPBH
than R3. So R3 will generally dominate over R2. An exception to this rule occurs if the early
density contrast δdc is extremely high. In that case, most of the binaries have merged within
a timescale much shorter than the lifetime of the Universe, and R2 would thus be the only
remaining and dominant source of PBH mergers.
For the rate R3(t0) to be consistent with the rate indicated by the LIGO observations,
12− 213 Gpc−3yr−1 [4], the PBH DM fraction has to be at the percent level. For example,
a monochromatic mass function with mc = 30M implies fPBH = 0.0033− 0.022 for δdc = 1.
This PBH fraction is slightly larger than the one obtained in Ref. [21]. In Ref. [21] an upper
bound y < x˜ is required, whereas we integrate up to arbitrarily large y and the exponential
factor in Eq. (2.11), which is absent in Ref. [21], suppresses the integral at large y.
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A larger early density contrast, δdc > 1, requires the fraction fPBH to be even smaller.
Fixing the rate and the PBH mass in the approximation (3.1) we find that fPBH ∝ δ−16/53dc ,
so the fraction of DM in PBHs scales relatively weakly with the density contrast.
We remark that in the above scenario only a small fraction of PBHs is in binaries.
For example, if fPBH = 0.0033 − 0.022, then only the fraction 0.0027 − 0.018 of PBHs is in
binaries. For larger fPBH this fraction increases and, according to (2.11), it is close to unity
for fPBH = 1.
3.2 The extended mass function
Provided that all BHs observed by LIGO are primordial, the masses of the merging BHs
observed so far indicate an extended PBH mass function. We perform a maximum likelihood
fit to the masses listed in Table 1 assuming a lognormal mass function. Accounting for
the experimental uncertainties and the finite sensitivity range of LIGO, the log-likelihood
function reads
` =
∑
j
ln
∫ mmax
mmin
dmpj(mj |m) pψ(m)
Pψ(mmin < m < mmax)
, (3.3)
where pψ(m) ∝ ψ(m)/m is the probability that the PBH has mass m, and pj(mj |m) is the
probability that we observe a PBH mass mj given that the PBH has mass m. We take it to
be a Gaussian distribution with mean m and variance σ2j . The masses mj and the standard
deviations σj correspond to the masses and their maximal errors given in Table 1. To
roughly estimate the effect of the LIGO sensitivity, we take (mmin = 7M,mmax = 50M)
as the range of PBH masses detectable by LIGO. This is accounted by the normalisation
factor Pψ(mmin < m < mmax) giving the probability of finding a PBH in the mass range
(mmin,mmax). The pψ(m)/Pψ term thus corresponds to the conditional probability of finding
a PBH of mass m given that it lies in the mass range (mmin,mmax). We emphasise that this
is a rough estimate. In a more careful analysis one should compare the GW signal from the
PBH merger to the LIGO sensitivity curve given, e.g., in Ref. [58].
The best fit result, (mc, σ) = (33M, 0.8), and the relative likelihood contours for
` − `max = −1/2,−4/2,−9/2 are shown in the left panel of Fig. 1. As a representative
example, consider a lognormal mass function with mc = 30M and σ = 1. The LIGO rate
in the mass range (mmin,mmax) for this mass function is recovered if fPBH = 0.0045− 0.024.
The black lines in the left panel of Fig. 1 depict the maximal allowed fraction of DM in
PBHs in the mass range (mmin,mmax). These are obtained by first calculating the maximal
allowed PBH abundance for given mc and σ with the method described in Ref. [15] and then
integrating the mass function to obtain the PBH mass fraction in the the LIGO sensitivity
range. We consider all constraints used in Ref. [15]2.
As the LIGO sensitivity range is relatively narrow, wider mass functions will be less con-
strained, as can be seen from Fig. 1. However, if mc lies far from the mass range (mmin,mmax),
the fraction of PBH in this range, and therefore also the merger rate, will decrease. Con-
sistence with the LIGO rate excludes the gray region in Fig. 1, because it requires that the
fraction of DM in PBHs in that mass range is larger than 0.1%. The values of mc and σ
compatible with the LIGO observations are therefore within the region enclosed by the light
2We included the dynamical constraints from Ref. [15] and, as in Ref. [15], we omitted the accretion
constraints [59–61] due to their strong dependence on largely uncertain BH accretion physics.
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Figure 1. Left panel: The results of maximum likelihood fit to the LIGO GW events for the lognormal
mass function parameters mc and σ. The dot depicts the best fit value and the green, light green
and yellow contours show, respectively, the relative likelihoods ` − `max = −1/2,−4/2,−9/2. The
contours of maximum allowed fraction of DM in PBHs in the LIGO sensitivity range fmax(mmin <
m < mmax) = 10
−2, 10−3, 10−4 are shown by the black solid, dashed and dotted lines, respectively.
Right panel: The probability density function of the symmetric mass ratio of the binary for lognormal
PBH mass function. The solid lines correspond to the binaries merging today, and the dashed lines
to all binaries formed. The numbers denote the fraction of binaries with η > 0.2 for the solid lines.
green and the dashed black curves. Viable lognormal mass functions have a width in the
range σ ≈ 0.3− 3 while mc ≈ 0.1− 60M.
Given the mechanism of binary formation, it is possible to compare the overall PBH
mass function with the mass distribution of the PBHs in binaries merging today, which
was, in fact, estimated above. We will consider the distribution of the symmetric mass
fraction η ≡ m1m2/(m1 + m2)2, that ranges from 0, for maximally asymmetric masses, to
1/4, signifying that both masses are equal. If the binaries are combined randomly, the η
distribution is
pη,dc ∝
∫
dm1dm2
ψ(m1)
m1
ψ(m2)
m2
δ
(
η − m1m2
(m1 +m2)2
)
. (3.4)
Assuming the three body mechanism, this corresponds to the η distribution of the PBHs in
the early Universe when they were formed. However, in general this does not provide the
correct description of the binaries that are merging today. Instead, the η distribution for
these binaries reads
pη,0 ∝
∫
dR3(t0) δ
(
η − m1m2
(m1 +m2)2
)
. (3.5)
In this estimate we assume that PBH binaries evolve uninterrupted from their formation
until they merge and thus neglect the disruption of binaries by surrounding compact objects.
Both pη,dc and pη,0 are shown in the right panel of Fig. 1. The η distribution of randomly
composed PBH pairs and the binaries whose mergers we may observe today are depicted by
the dashed and the solid lines, respectively. Compared to random pairing, η today is seen
to be less peaked at η = 1/4, so equal mass binaries are less likely. This effect gets weaker
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Figure 2. The predicted stochastic GW background from the PBH mergers for the monochromatic
(blue) and lognormal (red) mass functions. The fraction of DM in PBHs is chosen such that the merger
rate in the LIGO sensitivity range today is 12 Gpc−3yr−1 for the lower lines and 213 Gpc−3yr−1 for
the upper lines, corresponding to fPBH ∼ 0.001 − 0.01. For the solid lines mc = 30M, and for the
dashed and dot-dashed lines mc = 10, 100M, respectively. The black solid line shows the sensitivity
of the first LIGO observing run (O1), and the gray dashed lines (O2, O5) below it show the expected
sensitivities of the next observing runs [58]. The dashed grey lines on the left (C1-C4) show the
sensitivities of different configurations of LISA [62].
the narrower the mass function is, e.g. for σ = 0.5 it is practically negligible. If this is not
the case, the mass distribution of merging PBHs will generally not coincide with the overall
mass function.
The values of η for the LIGO observations are given in Table 1. All of them are close
to the maximal value η = 1/4. This may be an effect of experimental sensitivity, as the
detection of mergers with larger η is more likely because they produce a stronger signal.
4 Gravitational waves from PBH mergers
In this section we estimate the stochastic GW background from PBH mergers and the DM
energy density loss into GWs. The merger rate and the constraints on the GW background
from binary mergers can constrain the PBH abundance [23, 33]. Also, the cosmological
evolution of the late time Universe constrains the change of DM energy density, which in turn
results in a bound on the PBH merger rate. We note that the stochastic GW background from
PBH binary mergers for an extended mass function has been studied in Ref. [37]. However,
they did not consider binary formation but used a fixed rate.
4.1 Constraints from the non-observation of the GW background
PBH mergers occurring with a differential rate dR(z) yield a stochastic GW background with
the spectrum [58, 63]
ΩGW(ν) =
ν
ρc
∫
dz dR(z)
1
(1 + z)H(z)
dEGW(νr)
dν
, (4.1)
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where ρc = 3H
2
0/8piG denotes the critical density, νr = (1 + z)ν is the redshifted source
frequency and H(z) = H0
√
Ωγ(1 + z)4 + Ωm(1 + z)3 + ΩΛ is the ΛCDM Hubble parameter
at redshift z. We neglect the effect of production of GWs on evolution of H(z) and use
Ωm = 0.308, Ωγ = 9.15× 10−5, ΩΛ = 1−Ωm −Ωr, and H0 = 67.8 km s−1Mpc−1 [64]. dEGW
is the total GW energy in the frequency range (ν, ν + dν) emitted in the coalescence of BHs,
which is well approximated by [65–67]
dEGW(ν) = (piG)
2/3M5/3η dν ×

ν−1/3 , ν < ν1 ,
ν
ν1
ν−1/3 , ν1 ≤ ν < ν2 ,
ν
ν1ν
4/3
2
ν44
(4(ν−ν2)2+ν24)
2 , ν2 ≤ ν < ν3 ,
(4.2)
where νj = (ajη
2 + bjη + cj)/(piGM). The coefficients aj , bj , cj can be found in Table I of
Ref. [68].
The GW background when R = R2 is studied in Refs. [18, 69, 70]. We consider the case
R = R3 since, as shown in the previous section, it dominates over R2 unless the local DM
density contrast becomes very large, δ0 >∼ 1011. The stochastic GW background from R3 has
been studied in the case of monochromatic mass function in Ref. [23].
In Fig. 2 the predicted stochastic GW background is shown for the monochromatic mass
function in blue, and for the lognormal mass function with σ = 1 in red. Here, and for the
rest of this subsection, we take δdc = 1. For a given mass function the PBH DM fraction is
fixed such that the merger rate (2.13) today for binaries with m1,m2 ∈ (mmin,mmax) is in
the range inferred from the LIGO observations [4]. The wider the PBH mass function is, the
wider is the peak and the lower is the peak amplitude of the GW background.
The dashed lines in Fig. 2 show the sensitivities of LISA and LIGO GW interferometers.
The projected constraints on the fraction of DM in PBHs from non-detection of the GW
background can be adapted from these sensitivity curves. These are shown for LIGO in
Fig. 3 in the (mc, fPBH) plane. Our analysis shows that the first LIGO observing run O1 has
already excluded the scenario in which all the DM is in PBHs with the monochromatic mass
function in the mass range from 0.03M to 1000M. It also provides the strongest constraint
on the PBH abundance so far in the mass range 0.5 − 16M. The expected sensitivities of
the LIGO future runs, denoted by O2, O5 [58] in Fig. 3, will further improve the constraint.
In the left panel of Fig. 3 the constraints are shown for the monochromatic mass function,
and in the right panel for the lognormal mass function with σ = 1. The constraint in the
monochromatic case was calculated earlier in Ref. [23]. Their result is of the same order of
magnitude as ours, but has a different mass dependence. It is expected that the constraint
becomes continuously weaker for masses far from the sensitivity range of LIGO, as is shown
in our Fig. 3. The constraint curves in Fig. 3 of Ref. [23] do not show this behaviour.
For most of the PBH observables, constraints for an extended mass function can be
obtained if the corresponding constraint in the monochromatic case is known [15]. However,
for PBH binary merger constraints this is not the case, because the observable depends
non-linearly on the PBH mass function. In this case the constraints must be calculated
separately for each mass function by comparing the GW spectrum to the sensitivity of the
GW interferometer. To illustrate the resulting error, the thin dotted lines on the right panel
of Fig. 3 show the constraints obtained by the method of Ref. [15].
The red regions in Fig. 3 depict the range in fPBH as a function of mc where the present
PBH merger rate for binaries with m1,m2 ∈ (mmin,mmax) is within the range inferred from
the LIGO observations. The upper red line, which corresponds to 213 Gpc−3yr−1, gives an
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Figure 3. The constraints on the fraction of DM in PBHs, fPBH, from non-observation of the
stochastic GW background for the monochromatic (left panel) and lognormal (right panel) PBH
mass functions. The black solid line (O1) shows the constraint from the first LIGO observing run and
the grey dashed lines (O2, O5) present the projected sensitivities of next phases of LIGO. The yellow
and purple regions are excluded by the microlensing results from EROS [71] and MACHO (M) [72],
respectively. The dark blue, orange, red and green regions on the right are excluded by Planck
data [73], survival of stars in Segue I (Seg I) [74] and Eridanus II (Eri II) [75], and the distribution of
wide binaries (WB) [56], respectively. On the right panel the thin dotted lines show, for comparison,
the constraints calculated for the lognormal mass function from the ones in the monochromatic case
by the method of Ref. [15] which has been used for all other constraints. The red lines show the values
of fPBH for which the merger rate in the LIGO sensitivity range today is 12 Gpc
−3yr−1 (lower) and
213 Gpc−3yr−1 (upper).
upper bound on fPBH since a larger PBH fraction would imply a merger rate that is too
large. Our analysis shows that the GW background from the PBH mergers can be probed
by LIGO provided that the observed events correspond to PBH binaries. Thus the future
runs of LIGO can rule out the primordial origin of the observed GW events. However, note
that, as in Sec. 3, we used a simplified approximation for the LIGO sensitivity. We expect
that the error in the red curves in Fig. 3 is small, and leave a more careful analysis for future
work.
4.2 Constraints from cosmology
The CMB constraints on the stochastic GW background [76, 77] do not apply in case the
latter is created by the PBH mergers after recombination. Nevertheless, a similar bound
can be obtained by considering the cosmology of the late Universe. During its lifetime a
BH binary emits maximally of order 5% of its total mass into GWs. The BH mergers
convert matter into radiation, thus a high enough merger rate could leave an imprint on the
cosmological evolution of the Universe. The cosmic expansion and growth of perturbations
put an upper bound ΩARB < 0.008 at 2σ confidence level on the total astrophysical radiation
background [78]. The scenarios of decaying DM imply that no more than 3.8% of DM may
have decayed into dark radiation [27].
The total change of the DM abundance due to PBH mergers after recombination at
– 12 –
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Figure 4. The red and blue lines show the fraction F of DM converted into GWs as a function
of the early density contrast, δdc, for mc = 30M and fPBH = 1. The dashed line shows the
approximation (4.5), and the grey horizontal line corresponds to the upper bound F < 4%.
zCMB = 1090 is
∆ΩDM =
∫ ∞
0
dν
ν
∫ zCMB
0
dz(1 + z)
dΩGW
dz
. (4.3)
The fraction of DM abundance converted into radiation,
F ≡ ∆ΩDM
ΩDM(zCMB)
, (4.4)
in the late Universe is constrained by F . 4%. By (4.3) this implies a constraint on the
stochastic GW background created after recombination. On the other hand, the 3σ tension
between the low and high redshifts measurements of σ8 and H [28–31] can be alleviated by
F ≈ 2− 5% [26], which may result form a period of intensive BH mergers.
Consider first a monochromatic PBH mass function. Given that the dominant merger
rate is R3, the fraction of DM abundance converted into GWs can be approximated by
F ≈ 6.3× 10−4δ16/37dc f53/37PBH
(
mc
30M
)5/37
. (4.5)
So the predicted fraction of DM abundance converted into GWs is negligible compared to
the allowed fraction, i.e. F  4%, given that δdc ∼ 1. The fraction F for δdc > 1 is depicted
in Fig. 4. It can be seen that the approximation (4.5), shown by the dashed line, breaks
down for very large δdc. In that case, F decreases because most of the binaries merge before
recombination. The GWs originating from these mergers could still have an effect on the
CMB [76, 77], which we will, however, not consider in this paper. The maximal value of F
generally decreases when an extended mass function is considered, as illustrated in Fig. 4,
and it is practically independent of the mass mc. In all, F . 1% seems to provide a robust
theoretical upper bound on the fraction of PBH DM that can be converted into GWs via the
mechanisms considered in this work. It follows that the PBH mergers are unable to alleviate
the tension of the σ8 and H measurements.
If we express fPBH in terms of the present rate R3(t0), (3.1), Eq. (4.5) can be recast as
F ≈ 1.2× 10−8
(
mc
30M
)(
R3(t0)
Gpc−3yr−1
)
. (4.6)
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Thus the merger rate inferred from the LIGO results corresponds to F ≈ 1.5× 10−7 − 2.6×
10−6(mc/30M), and for the PBH mergers with masses in the LIGO sensitivity range a
fraction F >∼ 10−5 is already ruled out. For the extended mass functions these results are
expected to be of the same order of magnitude. We conclude that it seems unlikely that the
PBH mergers could have presently observable cosmological consequences.
5 Conclusions
We considered two formation mechanisms of PBH binaries while accounting for an extended
mass function and for spatial clustering of the PBHs. The first mechanism describes binary
formation in the early Universe where the PBHs have negligible peculiar velocities. The
second, binary formation through GW emission, is relevant in the late Universe. We estimated
the PBH merger rate and showed that the binaries created by the first mechanism dominate
except in regions with an extremely high PBH density contrast.
We assumed an extended mass function with a lognormal form. For mc = 30M and
σ = 1, the merger rate inferred by LIGO can be reproduced if the PBH fraction is in the
range fPBH = 0.0045 − 0.024, which is consistent with the present constraints on the PBH
abundance. From this we conclude that the observed rate excludes the scenario in which the
dominant fraction of DM is in PBHs with masses O(10M).
We evaluated the stochastic GW background resulting from the PBH mergers and found
that the merger rate from LIGO predicts a GW background that is well within the projected
sensitivities of LISA and, for the PBH masses lower than 100M, it may be detectable also
by the future runs of LIGO. The non-observation of the GW background implies a constraint
on the PBH abundance. Using the results from the first phase of LIGO, this yields the
dominant constraint for PBH abundance in the mass range 0.5 − 16M. If the GW events
observed by LIGO are of primordial origin, then the GW background inferred from the rate
and mass function from LIGO can be detected by the future LIGO runs. A non-detection
of this GW background in the future can rule out the PBH explanation of the LIGO GW
events.
As the PBH mergers convert matter into radiation, they may have important cosmolog-
ical implications. We find that the fraction F of DM converted into GWs after recombination
cannot exceed 1%. The bound on that quantity coming form the CMB, F <∼ 4%, is thus
always satisfied, and the PBH mergers cannot alleviate the tension between the low and high
redshift measurements of the Hubble constant. For the PBH mergers with masses and rates
in the range inferred from LIGO we obtain F <∼ 10−5, that is negligible.
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